We discuss the results of simulations of an intruder pulled through a two-dimensional granular system by a spring, using a model designed to lend insight into the experimental findings described by Kozlowski et al. [Phys. Rev. E 100, 032905 (2019)]. In that previous study the presence of basal friction between the grains and the base was observed to change the intruder dynamics from clogging to stick-slip. Here we first show that our simulation results are in excellent agreement with the experimental data for a variety of experimentally accessible friction coefficients governing interactions of particles with each other and with boundaries. Then, we use simulations to explore a broader range of parameter space, focusing on the friction between the particles and the base. We consider a range of both static and dynamic basal friction coefficients, which are difficult to vary smoothly in experiments. The simulations show that dynamic friction strongly affects the stick-slip behaviour when the coefficient is decreased below 0.1, while static friction plays only a marginal role in the intruder dynamics.
I. INTRODUCTION
Granular media respond in a variety of ways to applied loads, such as boundary shear [1] [2] [3] , intruding rods [4, 5] , or surface sliders [3, 6, 7] , exhibiting behaviors that include fluid-like flow, solid-like rigidity, and (sometimes periodic) cycles of stability and failure [8] . The response of a granular medium to a point-load, or single-grain perturbation, is a particularly sensitive probe of the connection between grain-scale dynamics and large-scale material stability and failure. Driving with a single particle avoids averaging over interactions of many grains with the extended objects (system boundaries, sliders, etc.) that are typically used to apply stress. Recent granular point-load studies have focused on the dynamical response of a single-grain intruder, mostly in quasi-two-dimensional (2D) beds of disks [9] [10] [11] [12] [13] [14] . In all cases, the dynamics is affected by the packing fraction and the strength of the driving mechanism, whether the intruder is driven at a constant velocity, by a constant force, or by a continually loading spring. An experiment on intruder dynamics in a 2D Couette geometry showed that friction between the particles and the supporting substrate (basal friction) also has a strong effect [15] , as had previously been observed only in the context of quasistatic shear-jamming [16] .
In the present work, we develop numerical simulations and validate them against the experimental findings in [15] with the aim of elucidating the influence of basal friction on the dynamics of an intruder moving through a granular medium, which is important for understanding the role of basal friction in supporting force-bearing clusters of grains subjected to a point load. We use numerical simulations to extend our study to parameter regimes that are difficult to access in the laboratory. In particular, we smoothly vary the basal dynamic and static friction coefficients from zero to the experimentally relevant value. We find, on the one hand, that dynamic friction µ s controls the overall dynamics with a clear stick-slip behavior for µ s > 0.1 and an intermittent clogging-like flow for µ s < 0.1. Static friction, on the other hand, plays a marginal role in determining the intruder's behavior.
The paper is organized as follows. In Sec. II, we review the experimental setup, and in Sec. III, we describe the simulation procedures. Section IV contains our key results. After describing the basic dynamics of the intruder, we compare the experimental and simulation results for different packing fractions for both frictional and frictionless substrates. We then present simulation results for a range of static and dynamic basal friction coefficients. Section V is devoted to our conclusions regarding the effect of basal friction on the intruder dynamics. 
II. THE EXPERIMENT
The experimental system consists of a layer of bidisperse plastic disks confined to an annular region by solid walls. An intruder the size of one disk is pushed in the azimuthal direction around the annulus by means of an externally controlled arm attached to a torsion spring whose other end is driven at constant angular speed. The setup, shown in Fig. 1 , and observations have been described in detail in Ref. [15] ; here we provide a brief summary.
A central axle supports a pusher arm rigidly attached to an intruder rod suspended in a bidisperse granular bed (grain diameters d s = 1.28 cm and d l = 1.60 cm). The grains are confined in an annular Couette geometry having a channel width of 17.8 cm, or roughly 14 small particle diameters, and boundaries lined with ribbed rubber to minimize boundary slipping. The central axis is composed of a bottom rotating shaft (indicated as ii in Fig. 1 ) driven by a stepper motor at constant angular velocity ω = 0.119 ± 0.006 rad/s, and a top rotating shaft (indicated as i in Fig. 1) that is coupled to the bottom shaft by a torque spring (κ = 0.431 ± 0.001 Nm/rad). The intruder (diameter d I = 1.59 ± 0.01 cm, the size of a large grain) is held at a fixed radius from the annulus center (R = 19.7 ± 0.1 cm). Load cells in the pusher arm measure the force between the granular system and the intruder. The torque spring loads the system until the granular medium yields and the intruder slips. Cameras above the annular bed allow for intruder and particle tracking. The force on the load cells is recorded every 0.01 s, and the cameras capture images every 0.02 s.
For experiments with basal friction, particles are dry and lightly coated in powder to reduce friction. The static friction coefficient between the particles and the glass table was measured to be ∼ 0.36, and we assume that the dynamic friction coefficient is slightly below this value. To perform experiments without basal friction, the annular region is filled with water, and particles float on water. In this case, the particle diameters are d s = 1.30 cm and d l = 1.62 cm, slightly larger than the dry case due to swelling of the plastic. In both experiments, the number ratio of large to small particles is approximately fixed at 1 : 2.75.
III. SIMULATIONS
We have carried out discrete element method (DEM) simulations of two-dimensional (2D) systems of particles. The simulations were implemented by means of the Box2D library [17] , which uses a constraint solver to handle rigid bodies. Before each time step, a series of iterations (typically 100) is used to resolve constraints on overlaps and on static friction between bodies through a Lagrange multiplier scheme [18] . After resolving overlaps, the inelastic collision at each contact is solved and new linear and angular velocities are assigned to each body. The equations of motion are integrated through a symplectic Euler algorithm. Solid friction between grains is also handled by means of a Lagrange multiplier scheme that implements the Coulomb criterion with the dynamic and static friction coefficients set to be equal. The approach yields realistic dynamics for granular bodies [19] with complex shapes, including sharp corners, and has been successfully used to study grains under tapping protocols [20, 21] and under vigorous vibration [22] .
A. Cell follows. If a particle is moving at a speed above a small threshold v (i.e., |v v v| > v ), then a dynamic friction force with the base F pb d = −µ pb d mgv v v/|v v v| is applied to the center of mass of the particle. Whenever |v v v| < v , the particle is immobilized by setting v v v = 0. If at rest, the particle will only resume translational motion if the total external force exerted by other particles exceeds the static friction force with the base set to F pb s = µ pb s mg, with µ pb s = v /(g dt), where dt is the simulation time step. This ensures that a particle will resume motion only if its initial velocity due to the collisions in the previous time step exceeds the velocity threshold v . Therefore, the static friction is controlled via v . We do not implement rotational friction forces between the particles and the base in this model.
B. Disks
The annulus is filled with a large to small 1 : 2.75 binary mixture of circular particles. The small particles have diameter d and mass m. The larger particles have diameter d l = 1.25d and 
Each disk interacts with other disks, the boundaries of the cell, and the intruder disk (see below)
as a perfectly rigid impenetrable object. The result of a collision is controlled by a restitution coefficient ε and the static µ s and dynamic µ d friction coefficients. Unless explicitly noted, we take µ s = µ d . Note that the particle-base interaction has µ pb s = µ pb d . Table II The numerical values for the parameters are motivated by the ones measured in the experiments.
C. Intruder
A circular particle of diameter 1.25d (the size of a large particle) is used as an intruder. The intruder interacts only with the other disks, not with the base (see Table II ) as in the experiments, where the intruder is suspended above the base at all times.
The intruder is constrained to move along a circle of radius 15.8d centered at the annulus center. This is done by binding the intruder to a very stiff radial spring. A "soft" torque spring (K = 3591.98mgd/rad) is connected to the intruder and rotated counter-clockwise at a low constant angular speed, ω = 0.00432 g/d. This drives the intruder through the pack of disks. The attached spring can only pull the intruder; if the spring becomes shorter than its equilibrium length, no force is applied. The mass of the intruder is set to 380m, a mass that yields the same moment of inertia with respect to the center of the annulus as the relevant moment of inertia in the experiment, which includes both the pushing arm and the intruder. The simulation time step is 0.001 d/g and the instantaneous intruder position and velocity (and spring force) are recorded every 100 time steps.
The time step is sufficiently small to avoid numerical instabilities, and the results are consistent for smaller time steps.
IV. RESULTS
For both experiments and simulations, the intruder is driven completely around the annulus at least twice and at most ten times in a given run. For all statistical analyses, we ignore the first revolution, in which transient effects are observed as the intruder moves through an initially random configuration of grains. The friction coefficients and packing fractions of the experiments, as well as the post-processing performed on intruder velocity and force data, are matched in simulation.
We first validate simulations by comparing the statistics of intruder velocity, spring force, creep velocity during sticking periods and waiting times between them with those of the experiment, and then continue to explore the influence of basal friction.
A. Stick-slip dynamics while in simulations the force presented is that exerted by the torque spring on the intruder. In a static configuration, these forces are the same, but while the intruder is moving, as during slips, the experimental force fluctuates more, as discussed further below. The packing fractions used for intruder does get stuck for a short period and then slips. This behavior is reminiscent of clogging of grains that flow through a restricted aperture; we refer to it as intermittent flow dynamics [15] . φ , for the frictional and the frictionless base. The range explored for the frictionless base is narrower because in this case even at relatively high φ the intruder simply moves at the drive velocity, very rarely getting stuck. Figure 4 shows that the agreement between experiments and simulations is remarkably good. Note that the range of velocities observed are consistent as well as the qualitative forms of the distributions. In the frictional case, for low φ , the velocity distribution has its maximum at the drive speed. However, at high φ , this peak disappears and the maximum occurs at zero velocity, due to the fact that the intruder is stuck most of the time. These two distinct regimes are separated by a smooth transition region. Following Ref. [15] , we refer to these two regimes as a stick-slip regime for high φ and as an intermittent flow (clogging-like) regime at low φ . In the case of the frictionless base, we observe only the intermittent flow, independent of the value of φ . Sec. IV C, this quantitative difference is a consequence of running these simulations with a higher static basal friction coefficient than that measured in experiments.
B. Comparison between simulations and experiments
We have measured two additional features of the intruder dynamics: (i) the creep velocity during sticking periods and (ii) the waiting time between consecutive sticking periods. For these statistical quantities, unless noted otherwise, we only present data from runs for which at least 20 sticking periods are detected. During a sticking period, the intruder does not remain fully static but creeps forward as the spring force increases. Figure 6(b) shows that the creep velocity is independent of φ when basal friction is present and is substantially larger for the frictionless base, both in simulations and experiments. Figure 6 (c) shows that the average waiting time is about ten times longer for the frictionless base than for the frictional one at the high packing fractions where sticking events do occur in the frictionless case; sticking events occur less frequently for µ pb d = 0. With the frictional base, for which sticking events occur at lower φ , we find a mild increase of the waiting time as φ is decreased below 0.67. Here too, simulations and experiments are consistent.
Given the close agreement between experiment and simulation, it appears that our simulations are a reliable tool for describing, studying, and explaining the dynamics observed in experiments.
We next use simulations to explore in more detail the effect of basal friction on the intruder dynamics, which is a difficult task to carry out experimentally.
C. Effect of basal friction
As we have discussed, there is a dramatic change in the intruder dynamics when friction with the base is removed. This naturally raises the issue of whether the dynamics can be tuned continuously by changing the basal friction, or whether there is a sharp transition at µ pb d = 0. Controlling basal friction in the experiments is prohibitively difficult, and this is where the simulations provide novel insights.
We have run simulations with dynamic friction coefficient µ induces the occurrence of some longer lasting sticking periods, without affecting the average force significantly. This finding is confirmed in Fig. 10 , which shows the PDFs for forces and intruder velocities. We note that the PDF in Fig. 10(a) for µ pb s = 0.36 suggests a cutoff at large forces, in agreement with the experimental observation shown in Fig. 5 . We recall here that in Fig. 5 we used µ pb s = 1.0, which is somewhat above the experimental static friction coefficient between the discs and the dry base.
V. CONCLUSIONS
Inspired by a recent experimental finding on the dynamics of an intruder the size of a single grain dragged though a two-dimensional granular system [15] , we have developed numerical simulations that allow us to deepen our understanding of the effect of basal friction. Experimentally, it has been observed that the intruder can flow rather smoothly with occasional short sticks (intermittent flow regime) or show a fully developed stick-slip dynamics. The former is observed if the Note that all of the µ pb d = 0 data points are computed from fewer than 20 events. For the filled diamonds, error bars are smaller than the data points. base on which the particles sit is frictionless, the latter when the base is frictional. Our simulations yield results consistent with these dynamics and are also in fair quantitative agreement with the experiment.
Having the numerical model validated against the experiments, we use the simulations to investigate how the transition from intermittent flow to stick-slip is controlled by both the dynamic and the static friction coefficient of the particle-base interaction. We have shown that the tran-sition between the two dynamic regimes (intermittent flow and stick-slip) is clearly controlled by the dynamic friction coefficient with the base and not by the static friction coefficient. One may intuitively expect that static friction would play a major role by contributing to the stability of jammed configurations. However, one has to bear in mind that jammed configurations are reached through a dynamic process. The development of rigidity is a result of the interactions at play during motion of the particles, making µ pb d the more relevant factor in determining the waiting times between sticking events. Our interpretation is that, for µ pb d > 0.1, particle motion is damped strongly enough to allow rapid formation of stable, static force network structures. Further increase in µ pb d can only marginally reduce these waiting times. Decreasing µ pb d below 0.1, however, reduces the damping enough so that particles do not quickly come to rest after a slip event is initiated. Particle-particle dissipative interactions (inelasticity and friction) then play the dominant role in slowing particles down, and this leads only to occasional clogging rather than strong sticking periods.
Static friction is expected to affect the stability of the jammed states once they occur. One of the affected features is the decay of the intruder force PDF for large forces, which is associated with the stability of the jammed states. The larger µ pb s is, the higher the probability of finding strong intruder forces. This is indeed confirmed in Fig. 10 , both for µ pb d = 0 and µ pb d = 0.36. Increasing µ pb s does not, however, induce a change of dynamic regime (intermittent flow or stick-slip); the main peaks in the force and velocity distributions remain unaltered. In short, static friction can only help the stick periods last longer when they do occur. The initiation of these sticking events, however, is determined solely by the basal dynamic friction.
Our results show that the additional background dissipation (especially dynamic friction) provided by the supporting substrate is essential for observing a clear stick-slip dynamics in the case of single-grain perturbations. However, stick-slip is observed without the presence of a frictional substrate if a driving force is applied over a length scale that is much larger than the characteristic particle size [3] [4] [5] [6] [7] . One open question is whether an additional background dissipation in the case of larger perturbations can alter the dynamics. Existing studies on granular systems immersed in viscous fluids (which provide an additional dissipation) indeed do show a strong effect on the stick-slip dynamics for large scale perturbations [23] . However, the effects observed seem to be more connected to lubrication than to additional "background" dissipation. A natural question is then how parameters of an immersed system, such as particle size and fluid viscosity, can possibly strengthen or weaken stick-slip behavior as lubrication and drag compete, and whether the effects of fluid drag might be similar to those due to frictional dissipation.
Finally, we note that simulations provide a much higher resolution for velocities and forces than those achieved in the experiments. In order to compare results we have used in the simulation data analysis the same velocity threshold to detect sticking periods as was used in analyzing the experimental data. This overlooks a number of detailed features observed in the simulations during the sticking periods that may also be present in the experiments but were not resolvable in the experimental system. In particular, the creep observed in simulations has a very rich structure of micro-slips. With the simulation model now validated, it will be interesting to explore the details of the dynamics that are difficult to measure in experiments, including the interparticle forces and particle displacements during micro-slip events.
